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ABSTRACT

Equations are given for the doppler shift and rate of change
of doppler shift for the bistatic case where an orbiting, nontrans-
mitting earth satellite is illuminated by a transmitter, and the
refiected energy is received at different locations on the surface
of the carth. These equations have been programmed for compu-
tation by the NAREC computer for any satellite for which the
orbital elements are known. The results for a number of satel-
Iltes have been computed, using transmitting and recelving sites
of the Space Survelllance System. Plots of various relatlonships
between doppler shift, rate of change of doppler shift, satellite
height, earth-center angle between the receiver and the satelllte,
and zenith angle from receiver to satellite are shown for a typical
satelilte, 1958 Alpha, Explorer |,

PROBLEM STATUS

This is an interim report on one phase of the problem; work
is continuing.

AUTHORIZATION

NRL Problem R02-35
ARPA Order No. 7-58

Manuscript submitted April 3, 1961,
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EQUATIONS FOR BISTATIC DOPPLER
SIIFT AND RATE OF ClIANGE OF DOPPLER SIIFT
OF DARK SATELLITE OBSERVATIONS

INTRODUCTION

In order w separate reflected satellite signals from those caused by aircraft, meteor
rails, liglining discharges, and dlrect transmitter feedthrougl, the additlon of doppler
shift and rate of change of doppler shift data could be of considerable aid. Equations for
the doppler shift f, and rate of chiange of doppler shift !, will now be developed for tie
histatic case where an orbiting satellite is illuminated by a transmitter at one locatlon
on the surface of the carth and the reflected energy Is recelved at a second location on
the surface of the carth, In particular, the transmitter and receiver sites lie along a
great circele which also contains several other transmitter and recciver sites. Thls com-
plex of transmiuers and recelvers is known as the Space Surveillance System.”

The antenna conligurations at each site result in a (an-shaped beam pattern with Its
wide dimension in the plane of the great circle. The beam patterns overlap such that
whenever a satellite crosses the great circele plane it must pass through one or more
heam patterns. This results ina =fence” of beam patterns, and for this reason the great
cirele plane is referred to as the fence plane. At cach recelver, data is recorded and
analyzed 1o determine time of passage of the satellite through the fence, the zenith angle
of the satellite from the receiver at the time of the observation, and identity of the

satellite.

It more than one receiving station simultaneously observes the same satellite pas-
sage, its height may be determined by triangulation.

The coordinate system used in the derivation of thie equations is defined in Fig. 1.
The carth s oriented such that the X axis Is along the longitude of Greenwich (0%), the
vy axis is along 90°W longitude, and the Z axis is along the north polar axis. Thus, the
Y plane corresponds to the earth’s equatorial plane. Longitudes are measured positive
west of Greenwich, and latitudes are measured positive towards thie 7 axls. The cocr-
dinate axes are fixed with respect to the earth and must therefore rotate with the earth.

Figure 2 shows the orientation of the fence plane and its great circle intersection
with the surface of the ecarth. The locations of a receiver R and transmitter T along the
great circle are also shown,

The geometry of a satellite observation in the plane of the fence is shown in Fig. 3.
The separation of transmitter and receiver is exaggerated for clarity.

PROCEDURE

The NAREC computer was programmed to compute the doppler shift f, and the rate
of change of doppler shift f for any satellite for which the orbital elements are given.
The fence plance may be any plane for which the equation is given, and the receiver and

*Proc. of the IRE 48(No, 4):663-669, “The Navy Space Surveillance System,” R. L. Easton
and J. J. Fleming,
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transmitter may be located anywhere along the fence great cirele. For all the answers
computed to date, the fence plane Is that of the Space Surveillance System. The recelver
is lucated at either Ft. Stewart, Georgia, or Silver Lake, Mlssissippi, and the transmitter
is located at Jordon Lake, Alabama. The subdivision of the region ahove the transmitter
and receiver is illustrated in Fig. 4, using the data from the satellite 1958 Alpha as an
example. Again, the separation between the receiver and transmitter is exaggerated for

clarity.
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The iirst computatlon was for the case where the satelllte Is located at polnt 1 at the
time It cresses the fence plane. At point 1, the starting height Mo Is 220 statute miles
and the starting carth-center angle 7o I8 T'W. At the completion of the computatlon of
fay and f, al point 1, an increment of ~it = 50 miles is added to Iy ¢ and fy, and fu, for
point 2 are computed. Another increment of “ifls then added and the process repeated
until a finishing height of H,, = 1220 miles is reached and fa;,and £y, are computed.
At this time, the height is returned to Hye, an increment of - = 1° is added to ‘agy and f,y
and f4,, are computed. In this manner, f, and f a are computed for each of the polnts

1 through 231. ‘

In the usual application of the program to the computation of ¢ and f,, for actual
satellites, the vaiue of I, is chosen as the height of perigee and iy, is chosen as the
height of apogee. For all computations made to date, -, . has been chosen as T'W of the
receiver and ., = 3'E, although any value of ras ANd 24, may be used. Increments of i
and > are chosen to obtain the desired subdivision of the region of interest. In the case
ilustrated, there are 21 increments of height and 11 increments of earth-center angle,
giving a 231-point coverage of the region.

For each point at which a computation is performed, four cases must he considered,
depending upon whether the fence crossing is in a north-to-south or south-to-north direc-
tion, and upon whether the satellite is approaching apogee or perigee in its orbit:

Case 1. North-south, approaching apogee (NSAA);

Case 2. North-south, approaching perigee (NSAP);

Case 3. South-north, approaching apogee (SNAA);

Case 4. South-north, approaching perigee (SNAP).

The program is written to compute answers for Case 1 first, then to return to point 1
and compute answers for Case 2. In a similar manner, answers for Cases 3 and 4 are
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then computed. If predictions are given for the satellite of interest, the appropriate case
will be known. Otherwise, there are four sets of fyand ; answers for each point.

After the computer finishes computing the answers for Case 4, the computer stops
and a vew data tape is read into the computer with the elements of the next satellite for
which answers are desired.
COMPUTER INPUTS AND OUTPUTS

Data tapes have been inserted and answers obtained for the following lists of satellites:

A. With the receiver located at Ft. Stewart and the transmitter at Jordon Lake:

f. 1958 Alpha Explorer |

2, 1958 Beta 2 Vanguard |

3. 1959 Alpha 1 Vanguard 11

4. 1959 Epsilon 2 Discoverer V Capsule
5. 1939 Eta Vanguard 111

6. 1959 lota 1 Explorer VIl

7. 1960 Beta 2 Tiros |

8. Circuiar Orblt with it = 100 miles: inclination = 90°.

B. With the receiver iocated at Silver Lake and the transmitter at Jordon Lake:

1. 1958 Alpha Explorer |

2, 1959 Alpha 1 Vanguard 11

3. 1959 Epsiion 2 Discoverer V Capsule

4. 1959 lota 1 Explorer V1l

5. 1960 Beta 2 Tiros 1

6. 1960 Gamma | Transit 1B, Second Stage
7. 1960 Epsiion 1 Sputnik 1V

8. 1960 Zeta 1 Midas 1l

9. 1960 Eta 3 Transit IIA, Second Stage
10. 1960 Iota 1 Echo 1

Figure 5 is the first page of the printout of the results for 1958 Alpha, with receiver
at Ft. Stewart and transmitter at Jordon Lake. The answers are divided into several
groups, two of which are shown. The first group includes all the answers for each of the
21 height increments for = 7°W. The second group includes the answers for the 21
height increments for + = 6°W, The succeeding pages of answers (not shown) give answers
for each of the other increments of earth~center angie. The positions of the decimal
points in the answers are shown in the first group, and are in the same positions in all
groups. The identity of the answers in the printout may be determined by referring to
Fig. 6.
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where ¢ = ume, in seconds, for which all equatlons are evaluated (2 = 0 for all
computations made to date);

1 = Irclination, In degrees, of the orbltal plane;
~ = ececentricty of the orbit;
a = semimajor axis, in miles,of the orbit:
+ = earth-center angle between recelver and satellite, ‘W - £ -;
L, = lautude of satellste at first helght In the group;
“o = longltude of satellite at first helght In the group;
7, = zenith angle, in degrees, from recelver to satelllte:
¢gp = distance, in miles, between recelver and satellite:
sy = distance, in miles, between transmitter and satelllte;

te = rate of change of radius vector, In miles per second (also equal to
rate of change of height);

l',s = rate of change of latitude, In degrees per second:

-35 = rate of change of longitude, In degrees per second;

f4 = doppler shift, in cycles per second:

f,, = ratc of change of doppler shift, in cps per second.

Fig. 6 - Code of the answers on the computer printout (Fig, 5)
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Certain information, such as orbital elements, starting aud {inishing heights, and
starting aud finishing earth-center angles, is required (or the data tape input 1o the com-
puter for each satellite for which answers are desired: the information requived is the
following:

¢, eceentricity of the orbit;

a, semimajor axis of the orbit, in statute miles;
i, inclination of the orbital plane, in degrees:

1, time for which answers are to be conputed:

<, selected tolerance within which successive nerations in the approximation to
the sulution to Kepler's cquation must iall;

“agy SLAFLING carth-center angle, in degrees;
.,,.'., linishing earth-center angle, in degrees;
7y selected increments of carti-center angle, In degrees:
I, starting height, in statute miles;
Haps linishing hewght, in statme miles:
i, selected Incerements of height, in statute miles.

I addition, cestain other data are included on a second input tape which comalns
quantities which are either always constant or remain constant during several changes
of the data tapes. The Information on the Constants Tape ncludes the following:

Ly, latitude of the receiver, in degrees:

‘g, longitude of the receiver, in degrees:
I.;, latitude of the transmitter, in degrees:

1, longltude of the transmitter, in degrees;

A, coefficient of the ~ term in the equation of the fence plane;

B, coefficient of the ¥ term in the equation of the fence plane:

C, coefficient of the 7 term in the equation of the fence plane:

i, radius of the earth, in statute miles;

“qp Angular rotation rate of the earth, in radians per mean solar second:

-, the constant.

RESULTS

Some of the results for 1958 Alpha, Case 1 (north-to-south, approaching apogee),
are shown graphically in Figs. 7, 8, and 9. Figure 7 is a plot of rate of change of doppler
shift vs doppler shift for a family of curves of vonstant height and a family of curves of
constant earth-center angle. The data for Case 2 (north-to-south, approaching perigee),
if plotted on the same graph, would result in a closed curve for each curve in the family
of constant carth-center angle. For clarity, only the data for Case 1 are shown.

Figure 8 is a plot of rate of change of doppler shift vs zenith angle for a family of
curves of vonstant earth-center angle. As with Fig. 7, the data for Case 2 could also be
included on Fig. 8 to form a family of closed curves.
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Fig, @ - Height vs 2
0f constant ¢

hangle for curves
ler shilt
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By means of Figs. 7and 8, data were obtained to plot Fig. 9, a plot of height vs zenith
angle for a family oi curves of constant fae

The computer printoutsof answers, one page of which is shown in Fig. 5, have been
compiled into two convenient booklets (an original and a carbon copy) for each of the

eighteen computer runs. The answer tapes are on file from which any number of print-
outs may be made using any Flexowriter with a carriage 105 or more spaces wide.

EQUATIONS
The cquations which were used in the computer program will now be given. Symbols

used in the equations and in the text are summarized in Appendix A. The doppler shift
and rate of change of doppler shift are:

doppler shift: fqg= - -—~(d'sR ' 'l.ST)

rate of chage of doppler shift: fd = - - (‘}.SR + f'ils.r)
G
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where
Iy = transnitted | rcquenc',v:
¢ = propagation constant:
g, = distance between satellite and receiver:
dgy = distance between satellite and transminer,

Time variable expressions for dg, and ¢y are required so that they may be differ-
entiated to obtain their first and second tinte derivatives:

Iz e O feo ¢ 2 . 2 t72
e (81 = JINGEUY = N = Deglt) = ¥l » T2ty = 20 }
and

' o A .'2 4 y ' \ D 172
dep (%) ,\g.t--.\,[, o '-‘S") vy © .Is(t 7y

where [ag(), vi(t), 2o(1)] are the tme variable rectangle coordinates of satellite positlon:
[sge vio 7] are the rectangular coordinates of the recelver: and [+, ¥y, 2¢] are the
rectangular coordinates of the transmitter.  The rectangular coordinates of satelllie posl-
ton are oblained from the spherical coordinates by the following transformatlons:

ws(!; : rSLl) 's(l)
¥glR) 7 rglt) gl t)

(t

’S'" t rs( t) g

where re(1) is the time-dependant radius vector of the satellite, and | - s(t), « (1), (1))
are the time-dependant direction cosines of satellite positlon. The directlon cosines of
satellite position are defined by the following three simultancous equatlons:

3 ]
B30 1) - w3ty -+ ad(ry = 1

a (1) G(1) - h“);t, gl t) - c",;'t) vg(t) = 0

Sl 1) agll) = L) Ll1) ¢ pI(R) ig(t) = cos (1)

where [a, (1), bi(t), < (1)] are the coefficients of the satellite plane: [2(t), ..2(1), »2(1)]
arc the direction cosines of the satellite after the earth’s rotation but before orbital motion;
and :(t) is the earth-center angle through which the satellite moves in its orbital plane.

The coefficients in the equation of the satellite plane are found as follows:

At Aty

° (A2 + B2+ c2y'/?
B'(t)

b/t 1)

° (A2 + B2 - Ci')’/2

. - C'(t)

C(t) = 172

(A2 + B2 + C%)



NAVAL RESEARCH LABORATORY 11

where [A'(t), (1), C(1)] are the coefficients in the equation of the satellite plane before
normaiization. These coefficients are:

A'(t) = =R sin apl * A cos ol
B'(t) = A sin b . R cos apl
C'¢t)y =C

where (A, B, €) are the coefficiewnts in the equation of the satellite plane at 1= 0;

R
= angular rotation rate of earth,

= precession of the plane of the satellite,
= elapsed time since fence crossing,

A= 5

B= -8, and

C= R‘:o-"'

-]

where [+, «, » ] are the direction cosines of the sateilite at 1 = 0, and K is defined by
the foilowing quadratic equation:

q . a2 P Tl q . P
(;.g sin? -uxdens? i) K2 - (2, g sin i) K v (22 sin? § - v ens? iy = 0,

Here, i is the inclination of the sateliite plane. The earth-center angie = through which
the sateiiite moves in its orbitai piane during time t is given by the equation

a(t) = VS(I) = vyt w

where vg(1) = time variable expression for true anomaiy; vo = lrue anomaly at t=0;
and « = angular rotation rate of perigee. Now,

[cos Eg(t) - e\
vs(l) = arcens | ——————

\1 -ecns Eg(t)

where Eg(1) = time variable expression for eccentric anomaly, and ¢ = eccentricily of the
orbit. To obtain Eg(t), the transcendental equation known as Kepler’s equation must be
soived:

Eg(t) = Mg(1) + e sin Eg(t)

where

Mg(t) = n(t - 7) = time variable expression for mean anomaly,

n =— = mean angular velocity of satellite in its orbit,

P

P = anomalistic period of the orbit,
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v|n .
- =~ = time of last perigee,
"

¥, = E, = v sin E = mean anomaly at 1 = 0,

a=-rv
» n -
E = - = eccentric anomaly at t =0,

° ae

=
¥

seminajor axis of tie orbit, and
= rinding vector of the satellite at 1= 0,

-
1

The direction cosines of the satellite, considering the earth’s rotation, but before orbital
motion, are defined as follows:

Aoty = cos ha(t) cos = ¢ty
..-;q t) = cos l.‘;{l) <in ";(I)

oty = sin Latt)

where
l'o Yy =l 0!
() = oL 'pt’
np = ” 3 .’
.. = angular rotation rate of earth, and
= preeession of the plane of the satellite.
:\lSO,
L, = arcsin tor and
_ . “0
= = aresn | ———m—mo1—o
° 2 . _211/1
teg "o

where |-, “,s ¥, ] are the direction cosines of the satellite at t = 0. The direction cosines
[ “r 91 ¥4 | Of the satellite at t= 0 are defined by the following three simultaneous
equations:

Fyo=0

ag A, + hF He t C
)‘R ho tolp g T Vp Vo T COS 7,

where [nF, bgs cF] are the coefficients of the fence plane equation; [)\R, Hpy "R] are the
direction cosines of the receiver; and 7, is the earth-center angle belween receiver and
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satellite at v= 0. Given the satellite height i, and the zenith angle 2, from the receiver,
the carth-center angle =, may be found by means o1 the equation

Iq
. o [B. sin 7,

) = aresin | —————

SRS B I,

where R, is the earth's radius. The time variable expression for satellite height is:

ety = rglt) = K,

where rg(t) = a[ t = « ens !Es(l)l is the radius vector of the satelllte, aand ¢ are as deflned
before, and E¢(t) = time variable expression for eccentric anomaly (previously defined by
Repler‘s equation).

CONCLUSIONS

As lmplled by the plot shown in Fig. 7, doppler shift and rate of change of doppler
shift are sufficlent to define the posltion of a satelllte for which semlmajor axls, Inclina-
tlon, and eccentrlcity are krown, llowever, due to the relatively short duration of time
that a satelllte 1s normally In the beam of the Space Survelllance System, 1t 1s difficult
to obtaln a sufficlently accurate measure of the rate of change of doppler shift to make use
of a plot of thls kind. For other systems, where several seconds or more are avallable,
rate of change of doppler shift could be measured with sufficlent accuracy to define
satelllte posltion.

Since the zenlth angles of ohservations are determined from other data recorded by
the Space Survelllance System, the addition of doppler informatlon to thls data makes
possible the determinatlion of the heigiit of a satelllte with known orbital elements from
an observatlon by a single station, rather than requliring trilangulation by coincldent
observatlons by two or more statlons. A plot such as that shown In Fig. 9 would be use-
ful for thls purpose. A program modification could be made such that the height ¢orre-
sponding to an observed zenith angle and doppler shift could be computed directly, so
that It would not be necessary to refer to a plot. Otherwise, four plots (one for each of
the four cases) must be prepared for each known satellite. Thls task could be simplified
by having the NAREC computer answer-tape punched in the proper format so that the
plots could be made on the automatic plotter.

Experimental doppler data suitable to verify the results have not been available.
Various program modilications, such as indicated below, may he incorporated later
should such data indicate the necessity.
1. Consider height above mean earth’s radius of the receiver and transmitter.
2. Correct earth’s radius for oblateness of the earth when computing satellite heights.
3. Consider decay of the semimajor axis.
If the coordinates of both the transmitter and the receiver are equal, implying that

both are at the same location, the bistatic case reduces to the monostatic case, for which
the equations given in this report hold equaliy weli.
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APPENDIX A

DEFINITION OF SYMIOLS

Swinimajor axis (given as one of the arbital elements)
Coelfficlems of the fence plae equation (given)
Cocfficienmts of the satellite plane equationat = = 0

Cocfliclems of the satellite Mane equation comsidering the eartly’s
rotation and precession of te node

Normalized coefficiems of the satell e plane equation consldering
the earth’s rotation and precession of the node

Propagation constant (given)

Distance between satellite and receiver
Distance between satellite and transmitter
Eccentricity (given as one of the orbital clements)
Eccentric anowaly at v = 0

Eccentrie anomaiy at any time «

Doppler shift

Rate of change of doppler shift
Trausmitted [requency

Seiected Increments of helght

Helght o the sateilite at t = 0

Starting height of the subdivision of the region above the trans-
mitter and the recelver

Finishing height of the subdivision of the region above the trans-
mitter and the recelver

Height of the sateliite at any time
Inciination of the satellite piane
Coustant, defined by the quadratic equatiou:

(12 sin? i - :/3 cos? i) K2 - (2, iz, sin i) K 1 ().3 sin? i - ug cos? i) =9

Latitude of the satellite at 1= 0

Latitude of the sateliite, cousidering ouly the earth’s rotation
and precession of the uode

Latitude of the satellite at any time ¢
Mean anomaly at t=0
Mean anomaly at any time t
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Mean angular velocity of the satellite in its orbit
Anomalistic period (given as one of the orbital clements)
Radius vector of the satellite at v = 0

Radius vector of the satellite at any time 1

Radius of the earth {given)

True anomaly at v = 0

True anomaly at any time 1

Rectangular courdinates of the satellite atany time 1
Rectangular coordinates of the receiver

Rectangular coordinates of the transmitter

Zenith angle of a satellite as observed from the receiver (given)

Angle In the plane of the satellite through which the satellite
moves during thme 1

Selected increments of earth-center angle
Earth-center angle between the satellite and the receiver at t = 0

Starting earth-center angle of the subdivision of the reglon above
the transmitter and the receiver

Finishing carth-center angle of the subdivision of the reglon above
the wransmitter and the recelver

Tolerance within which successive heratlons in the approximation
to the solution of Kepler's equation must fatl

Longitude oi the satelliteat t=0

Longitude of the sateltite at any time v considering only the carth’s
rotation and precession of the node

Longitude of the satelllte at any thme 1
Direction cosines of the recelver
Direction coslnes of the satellite at t =0

Direction cosines of the satetlite at any time « considering the
earth's rotation and precession of the node

Direction cosines of the satellite at any time ¢
Time satellite was last at perigee before t =0
Angular rotation rate of the earth (given)

Apparent angular rotation rate of the satellite plane
Precession of the node (given)

Rotation of perigee (given)

* * %
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